The introduction of a lattice converts a singular boundary-layer problem in the continuum into a regular perturbation problem. However, the continuum limit of the discrete problem is extremely nontrivial and is not completely understood. This paper examines two singular boundary-layer problems taken from mathematical physics, the instanton problem and the Blasius equation, and in each case examines two strategies, Padé resummation and variational perturbation theory, to recover the solution to the continuum problem from the solution to the associated discrete problem. Both resummation procedures produce good and interesting results for the two cases, but the results still deviate from the exact solutions. To understand the discrepancy a comprehensive large-order behavior analysis of the strong-coupling lattice expansions for each of the two problems is done.
I Introduction
In this paper we report some major advances in understanding (albeit not a complete solution to) a difficult general class of problems in mathematical physics. We consider here the conversion of a continuum problem into a discrete problem by the insertion of a lattice spacing parameter a, the solution of the continuum problem on the lattice, and the subsequent extremely subtle continuum limit a → 0.
Almost every continuum physics problem is singular as a function of the parameters in the problem. As a result, only rarely does the perturbation series take the form of a Taylor series having a nonzero radius of convergence. As an elementary example, consider the algebraic polynomial equation
This problem is singular in the limit ǫ → 0. In this limit, the degree of the polynomial changes from three to one and thus two of the roots abruptly disappear. As a consequence, a perturbative solution to this problem [expressing the roots x(ǫ) as series in powers of ǫ] yields expressions that are more complicated than Taylor series. A more elaborate example of a singular problem is the time-independent Schrödinger equation
In the classical limit → 0 this differential equation abruptly becomes an algebraic equation, and thus the general solution no longer contains any arbitrary constants or functions and, as a result, it can no longer satisfy the initial conditions. We know that for small the solution is not Taylor-like but rather is a singular exponential in WKB form:
In the study of quantum field theory, it is well known that infinities appear in the perturbative expansion in powers of the coupling constant. There are two kinds of infinities. The first kind, which is due to the point-like nature of the interaction, requires the use of renormalization. The second kind, which is due to singularities in the complex-couplingconstant plane, forces the perturbation series to have a zero radius of convergence.
A quantum field theory can be regulated by introducing a lattice spacing. The resulting discrete theory is completely finite and can be studied numerically by using various kinds of numerical methods such as Monte Carlo integration. However, the underlying singular nature of the continuum quantum field theory resurfaces in the continuum limit a → 0. The introduction of a lattice spacing and the singular nature of the continuum limit was investigated in a series of papers by Bender et al. [1] [2] [3] [4] [5] [6] [7] [8] [9] .
A quantum field theory is just one instance in which discretization regulates and eliminates the singular nature of the problem. It is also known that introducing a lattice spacing converts a boundary-layer problem, which is a singular perturbation problem, into a regular perturbation problem [10] [11] [12] . A boundary-layer problem is a differential-equationboundary-value problem in which the highest derivative of the differential equation is multiplied by a small parameter ǫ. Consider as an example
where the boundary conditions on the function y(x) typically have a form such as
This boundary-value problem is singular because in the limit ǫ → 0 one of the solutions abruptly disappears and the limiting solution is not able to satisfy the two boundary conditions in (5) . The usual way to solve the boundary-value problem (4) - (5) is to decompose the interval 0 ≤ x ≤ 1 into two regions, an outer region, in which the solution varies slowly as a function of x, and an inner region or boundary-layer region, in which the solution varies rapidly as a function of x. The boundary-layer region is a narrow region whose thickness is typically of order ǫ or some power of ǫ [13] .
An important example of a boundary-layer problem is the instanton equation
with the associated boundary conditions
The exact solution to this instanton problem is
Note that the solution f (x) varies rapidly at the origin x = 0 over a region of thickness ǫ; this is the boundary-layer region. The solution varies slowly (it is approximately 1) outside of this region. The outer region consists of those x not near the origin. A novel way to solve the instanton problem is to discretize it by introducing a lattice. On the lattice, the differential equation becomes a difference equation that can easily be solved perturbatively. In the continuum limit, as the lattice spacing vanishes, we then obtain a strong-coupling expansion that must be evaluated by means of a Padé or a variational perturbation theory method. To illustrate the approach our objective will be to calculate the slope of the instanton at x = 0, which from (8) has the value
We introduce a lattice with lattice spacing a so that the real axis is discretized in steps of width a. The spatial coordinate reads x n = na, where the function f (x) assumes the value f n = f (x n ). On the lattice the second spatial derivative in (6) becomes
Thus, from the instanton equation (6) we obtain the difference equation
where the boundary values follow from (7):
The natural expansion parameter now is ǫ 2 /a 2 , to which we assign the name δ:
The singular perturbation problem in the continuum [whose solution f (x) in (8) does not possess a Taylor expansion in powers of ǫ], has become a regular perturbation problem. That is, we can now expand the solution f n to the difference equation (11) as a Taylor series in powers of δ:
f n = a n,0 + a n,1 δ + a n,2 δ 2 + . . . .
We impose the boundary values (12) by requiring that a 0,0 ≡ 0 and a n,0 ≡ 1 (n ≥ 1).
Inserting the ansatz (14) into the difference equation (11), we get the recursion relation [10] a n,j = 1 2 a n+1,j−1 + a n,j−1 + 1 2 a n−1,j−1 − j−1 k=1 a n,k a n,j−k − 1 2
a n,k a n,l a n,j−k−l .
For the first derivative at the origin x = 0 this leads to the series
We have calculated the coefficients a n,j with the help of Maple V R7 up to order j = 200. The first 20 numbers are given in Table 1 . A complete list of these coefficients can be found on the webpage of the author FW [14] . Note that the expansion parameter δ in (17) is not small but rather tends to infinity in the limit as the lattice spacing a approaches zero. Using the parameter δ defined in (13) we rewrite the series (17) as
Taking into account the exact result (9), we obtain the identity
The purpose of this paper is to examine equations like (19) . This equation shows that the singular nature of the instanton problem has resurfaced in the continuum limit δ → ∞ of the lattice expansion. The expression on the right side of (19) should have the value 1/ √ 2 = 0.7071067812 . . ., but it is not at all obvious why this is so, and the objective of this paper is to analyze this difficult and subtle limit. This paper is organized as follows. In Sec. II we use Padé techniques to perform the limit in (19) . We will see that while the results are not bad (the accuracy is about 1%), better methods are needed. We perform the Padé analysis to much higher order than has ever been done before and we discover a new qualitative behavior that has not yet been observed. In Sec. III we try the use of the variational perturbation theory techniques introduced by Kleinert to perform the sum in (19) . These techniques increase the accuracy by a factor of about 10, but they still do not give the exact result. While variational perturbation theory works very well in summing the strong-coupling series for the groundstate energy of the anharmonic oscillator [15] , and for the critical exponents of second-order phase transitions [16] , we show that the series in (19) is at the very edge of validity for Kleinert's methods. We then examine the large-order behavior of the terms of the sum in (19) in Sec. IV. We show definitively that the Taylor expansion has a nonzero radius of convergence and thus, on the lattice, the instanton problem is a regular perturbation problem.
In Sec. V we turn to a more difficult singular perturbation problem; namely, the Blasius equation of fluid dynamics. We use the same approach as for the instanton equation. In Secs. VI, VII, and VIII we study the summation of the lattice perturbation expansion using Padé and variational methods and we examine the large-order behavior of the lattice perturbation series. We find that Padé methods give good but not excellent results and that variational perturbation theory is better than Padé. Again, the series we need to evaluate in the continuum limit lies at the very edge of validity for Kleinert's methods. We also find that, unlike the lattice perturbation expansion coefficients for the instanton problem, the sign pattern of the Blasius weak-coupling series does not alternate. Rather, it is governed by a cosine function with a frequency different from π.
II Padé Resummation for the Instanton Equation
In this section we examine what happens if we attempt to evaluate the right side of (19) by using Padé techniques. Padé resummation has already been applied to the instanton problem up to 50th order [10] . However, we have been able to perform the procedures to much higher orders. We have discovered that remarkable and unsuspected new phenomena occur just a few orders beyond what has been computed.
The procedure is as follows. Consider the formal Frobenius series
where M is a non-negative number. Raising this series to the power 1/M , inverting the right hand side and re-expanding, we obtain
with new expansion coefficients b n . Assuming we know the first N + 1 terms of the original power series in (20), we raise equation (21) to the power N . We then truncate the summation at n = N , finally getting
where we have re-expanded and obtained new expansion coefficients c n . In the limit δ → ∞, only the N th term in the denominator survives and we obtain the approximant
The approximant S N = c
is the zeroth-order survivor of the limiting process. Also, taking into account the first-order correction we observe that, as in the case of variational perturbation theory (see Sec. III), there is an approach to scaling. In the limit δ → ∞ the Frobenius series S(δ) in Eq. (20) converges to a constant C. Additionally, the approach to scaling, following from the Padé resummation (23), reveals how fast it converges:
We now apply this procedure to the boundary-layer problem (11) . [Recall that the weakcoupling coefficients for the first 20 coefficients a 1,j obtained from (16) are shown in Table  1 and that more can be found in [14] .] Resumming the series (14) for n = 1,
according to the Padé procedure (23) with M = 1/2 as follows from (19) and evaluating the
, we get the numbers listed in Table 2 .
Compared with the numerical solution 1/ √ 2 ≈ 0.7171067812, this strong-coupling expansion seems to converge quite well. However, when we go to higher orders, we find that the numbers drop below the exact solution and assume a minimum at N = 24, where the approximant has the value S 24 ≈ 0.70198319. The approximants then rise again, cross the exact solution at N = 41 and become complex at N = 52. The appearance of complex numbers is a consequence of taking the N th root in equation (23) Apparently, the sequence of approximants S N does not converge. The singular nature of the instanton equation has the effect of making the Padé approximants behave like the partial sums of a divergent (asymptotic) series; at first the partial sums appear to converge to a limit, and then they veer off. In the case of the Padé's shown in Fig. 1 the approximants approach to within 1% of the correct limit before veering off. It appears that another more powerful resummation technique is needed to treat the expression in (19) . In the next section we apply a technique due to Kleinert.
III Variational Perturbation Theory for the Instanton Equation
Kleinert has developed a technique in the context of the ground-state energy of the anharmonic oscillator [15] and of critical exponents of second-order phase transitions [16] for summing divergent perturbation series. This technique, known as Kleinert's square-root trick, is described below. Consider a weak-coupling series
which is truncated at order N . Rewrite this weak-coupling expansion by introducing an auxiliary scaling parameter κ [15, 16] :
which is set to κ = 1 later. The square-root trick now reads
where K is a "dummy" scaling parameter and
In the case of the anharmonic oscillator, K is the frequency Ω of a trial harmonic oscillator [15] . Substituting (28) into the truncated weak-coupling series (27), we obtain
The factor (1+gr) α with α ≡ (p−nq)/2 can be expanded by means of generalized binomials according to
where we have used (29) and finally have set κ ≡ 1. The binomial is defined as
We deduce that the function f N (δ, K) can now be written as
To first order this expression reduces to
Applying the principle of least sensitivity [17] leaves us with
Next, making the strong-coupling ansatz
we obtain the following equation from (35):
The second term is a subleading contribution in the limit as the coupling δ goes to infinity which we can neglect. Solving for k
0 we then get
Assuming that the ansatz (36) for the variational parameter K(δ) also holds for higher orders we obtain from the function
where the leading strong-coupling coefficient b
The inner sum can be further simplified, using
Thus the strong-coupling coefficient (40) reduces to
So, looking at equation (39) we see that the fraction p/q tells us the leading power behavior in δ and 2/q indicates the approach to scaling:
For the instanton equation we can determine the numbers p and q by re-obtaining the differential equation (6) from the difference equation (11) . The positive real axis is discretized in steps of width a, so that we let x n ≡ na. The power series expansion for the discrete function f n = f (x n ) has the form
Thus, the numerator of the second derivative (10) becomes
so the zeroth-, first-, and third-order contributions cancel. Translating the lattice result for f n back to the continuous function f (x n ) = f n , the difference equation (11) reads
Writing out the power series
and comparing even powers of a, we get from equation (46) for a
which is just the original instanton equation (6) . For a 2 we have
The boundary values read
and
respectively. The solution to equation (48) with the boundary values (50) is of course
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So, finally from (47) we get for the derivative at the origin x = 0:
Comparing equation (53) with (18), we resum the weak-coupling series in (18) as
Also, comparing with (43), we conclude that the leading power and the approach to scaling are given by
respectively. So we identify p = −1 and q = 2. We now evaluate the leading strong-coupling coefficient b 0 from (43) according to (42) with p = −1 and q = 2. To that end we substitute our 200 weak-coupling coefficients from [14] into the formula using a computer algebra program. We are now confronted with the following problem: The principle of least sensitivity cannot be unambiguously applied. Optimizing with respect to extrema, inflection points, or higher derivatives does yield converging results for the strong-coupling limit. However, all these strong-coupling series converge to the wrong values.
There is one particularly unpleasant case: The second derivative with respect to k 0 for the largest k 0 where this derivative exists (see Fig. 2 ) gives a convergent strong-coupling series. The numbers come extremely close to 1/ √ 2 as one can see from the 20 numbers in Table 3 . The 200th leading strong-coupling coefficient is b Given that p = −1 and q = 2, the failure of variational perturbation theory is not surprising. According to Ref. [16] the fraction 2/q must lie within the open interval (1/2, 1). Otherwise, one cannot prove that variational perturbation theory converges. Thus, this problem lies exactly on the upper boundary of the region in which the summation method is known to work.
We can understand the upper edge of the range of the parameter 2/q that describes the approach to scaling 2/q by looking at the standard deviation from the actual limiting value. It turns out [16] that the deviation in the limit as the perturbative order N goes to infinity assumes the shape
where C is a constant. So, to obtain exponential convergence for the sequence formed by the b
0 , we need 1 − 2/q > 0. In other words, the approach to scaling 2/q is bounded and it must be smaller than one. The lower edge is more subtle and is discussed in Ref. [16] .
In conclusion, we have applied variational perturbation theory to a case that lies at the very edge of its applicability. We see that variational perturbation theory gives better results by about a factor of 10 than the Padé approximations examined in Sec. II. However, we have not yet found a systematic method for resumming (19) that enables us to perform the continuum limit of the discrete lattice theory. Therefore, we now lay the foundation for further investigations by analyzing the large-order behavior of the instanton series.
IV Large-Order Behavior for the Instanton Equation
It can be seen from the numerical results in [14] that the instanton weak-coupling series is of Borel type. That is, it exhibits an alternating sign pattern. From the ratio test we can see that the coefficients a n,j do not grow factorially fast. The large-order behavior of a n,j has the general form
The constant A n can be obtained by evaluating the limit A n = lim j→∞ log a n,j+2 a n,j (a n,j+1 ) 2
and the reciprocal of the radius of convergence is
Also, the overall factor B n is determined from
Using the 200 weak-coupling coefficients, we find that the exponent A n and the reciprocal radius of convergence K n are independent of n. The value of K 2 = 2.46682906 coincides with K 1 = 2.46682906 for all significant digits. The same is true for A 1 = −1.500000 and A 2 = −1.500000. Thus, it appears that we may omit the subscripts n for K n and A n . In contrast, the data suggests that B n strongly depends on n. B n is the numerical value associated with the largest uncertainty. In fact, Eq. (61) suggests that small deviations in K and A lead to dramatic changes in the value of B n . We calculated A, K, B 1 , and B 2 up to 200th order with the help of Maple V R7. We then extrapolated these 200 orders to infinity using Richardson extrapolation [13] . We obtained A = −1.500000 ± 0.000001, K = 2.46682906 ± 0.0000001, B 1 = 0.0171 ± 0.0001,
Detailed numerical results for the first six Richardson extrapolations for the exponent A, the inverse radius of convergence K, and the overall factors B 1 and B 2 can be found in Tables 5, 6 , 7, and 8. The calculation of B 1 is extremely delicate; changing the inverse radius of convergence in the sixth decimal place influences the third significant figure of B 1 . The same is true of B 2 .
Unfortunately, there is no way to derive these values by applying asymptotic analysis to the recursion relation (16) . The problem is that the double summation in this equation includes small j, so we cannot let j go to infinity and use the large-order behavior (58). Substituting the ansatz (58) into equation (16) and taking the limit leads to contradictory results. For n = 1 we get
Pulling out some factors and letting x ≡ k/j, we obtain for the first summation
if and only if A > −1. For A < −1 which is strongly favored by the data we obtain
The double summation reduces to
where y ≡ l/j and A > −1. For A < −1 the result is
Substituting the results in (65) and (67) into (63) leads to a contradiction: The inverse radius of convergence then turns out to be
which would imply that, given B 1 = 0.0171 and B 2 = 0.1190, the value of K would be
This result can be ruled out because of the numerical result (62). Also, (68) does not contain the exponent A because all the factors j A in (63) cancel. So A cannot be determined analytically using this asymptotic analysis.
V Boundary-Layers on the Lattice -Blasius Equation
The Blasius equation [18] arises in the study of fluid dynamics. It is a special limiting case of the Navier-Stokes equation and determines the flow of an incompressible fluid across a semi-infinite flat plate. The equation reads
Assuming that the tangential velocity y ′ (x) at the outer limit of the boundary layer is constant, the boundary conditions read [19] 
Our objective here is to calculate the second derivative y ′′ (0), which represents the stress on the plate. We discretize the Blasius equation (70) by introducing a lattice spacing a:
where we define f n ≡ y(na)/a and δ ≡ ǫ/a 2 . The boundary conditions (71) now read
Expanding f n as a series in powers of δ as in Eq. (14), we obtain the recursion relation [10] a n+1,j − 2a n,j + a n−1,j = − 2 n (a n+1,j−1 − 3a n,j−1 + 3a n−1,j−1 − a n−2,j−1 )
The boundary values are a n,0 = n (n ≥ 0), a −1,0 = 0, a −n−1,j = a n,j (n ≥ 0).
Eq. (74) can be solved order by order by using a computer algebra program. Table 9 shows the first 20 weak-coupling coefficients a 1,j . All coefficients up to the 300th order can be found at [20] .
VI Padé Resummation for the Blasius Equation
We now resum the weak-coupling coefficients using the Padé method (23) with M = −1/2. This value of M will be derived in Sec. VII in Eq. (82). The exact solution [10] to the Blasius equation (70), obtained numerically up to five digits, is y ′′ (0) = 0.33206. Unfortunately, the sequence formed by the approximants S N appears to converge, but not to the correct value. According to Table 10 the sequence becomes very flat and Richardson extrapolation [13] shows that the S N approach the wrong limiting value (see Table 11 ). A third-order Richardson gives S ∞ = 0.3430, based on the first 70 weak-coupling coefficients. This value is significantly higher than the correct value y ′′ (0) = 0.33206, the deviation is 3.3%. The failure of the Padé resummation is not surprising because the Padé method assumes the approach to scaling δ −1 according to (24). However, in the case of the Blasius equation the approach to scaling is δ −1/2 , as we will see in equation (82) in the next section.
VII Variational Perturbation Theory for the Blasius Equation
Variational perturbation theory for the Blasius equation fails to converge to the correct answer in the same way as for the instanton problem. We determined the leading strongcoupling term (42) up to 200th order and again it was impossible to find extrema, inflection points, or higher derivatives that yield the correct result. Tables 12 and 13 show the last 20 strong-coupling coefficients b
and six orders of Richardson extrapolation. By determining the values of p and q we show why variational perturbation is likely to fail for this problem.
Consider again the Taylor expansions for f n±1 in (44) together with the Taylor series for f n−2 = f (x n − 2a), namely
Inserting these expressions into the difference equation for the Blasius problem (72) and translating back to the continuous function f (x n ) = f n , we get
Next we transform back to the function y(x) = af (x) and assume the Taylor series
To zeroth order in a we obtain
which is just the Blasius equation (70). The small parameter a, which is the lattice spacing, relates ǫ and δ by a = ǫ/δ. Thus, if we evaluate the Taylor series (78) for the second derivative at the origin, we see that
Comparing this series to the original weak-coupling series
we can now determine the leading power p/q and the approach to scaling 2/q:
so we obtain p = −2 and q = 4. Again we find that the approach to scaling 2/q = 1/2 lies just on the boundary of the open interval (1/2, 1), for which the proof of convergence [16] holds. This situation here is the opposite of the instanton case in that it sits at the lower boundary of the open interval in which variational perturbation theory works.
VIII Large-order Behavior for the Blasius Equation
The Blasius equation exhibits a large-order behavior which is a more subtle than for the instanton problem (58). The Blasius weak-coupling coefficients are not of Borel type; that is, the sign pattern is not alternating. Rather, the sign structure is governed by a cosine function with a frequency that is significantly different from π. Remarkably, it turns out that a pure cosine cos(an) cannot reproduce all signs correctly. Up to 300th order the sign structure given by cos(an) is broken twice: The signs at n = 62 and at n = 212 are not correct if we optimize with respect to a. So we must consider an additional phase shift cos(an + b). The parameter b turns out to be slightly smaller than π, but it reproduces all 300 signs correctly.
In order to determine the numerical values of a and b we define
The sum ends at N = 300 because this is as high as we can calculate using Maple; we know the first 300 weak-coupling coefficients a 1,j . For the correct values of a and b the function f (a, b) must be equal to 300. We then plot the function f (a, b) over the a-b plane and search for peaks. A careful study of the peaks yields values for a and b which allow the function f (a, b) to assume its maximum at 300. These numbers are given in Table 14 .
The large-order behavior of the Blasius weak-coupling coefficients (unlike the large-order behavior of the instanton coefficients) has an additional overall factor cos(an + b), and we can now see that the remaining structure differs from the structure of the instanton weakcoupling coefficients. Dividing by the cosine, we observe that the coefficients
grow factorially fast. Thus, we also divide by j!:
The coefficients b j are unstable under a ratio test. That is, the ratio b j+1 /b j decreases and then begins to oscillate. This is the inaccuracy that results from the delicate sign pattern of the first 300 coefficients a 1,j . Table 1 : The first 20 weak-coupling coefficients a 1,j for the instanton problem (15) and (16) . Table 8 : Six orders of Richardson extrapolations for the overall factor B 2 of the large-order instanton weak-coupling coefficients based on the first 200 weak-coupling coefficients and the same assumptions as in the case of B 1 (see Table 7 ). The value of B 2 depends strongly on A and K. Table 14 : Examples of the parameters a and b that give the first 300 signs of the Blasius weak-coupling coefficients correctly, assuming that the sign structure of the underlying largeorder behavior is of the form cos(an + b). The last two values for a can be obtained approximately by summing 2π to the first two values. Table 4 .
